The photochemistry of a molecular ensemble coupled to a resonance cavity and triggered by a femtosecond laser pulse is investigated from a real-time, quantum dynamics perspective with the multi-configuration time-dependent Hartree method. Coherent excitation of a superposition of electronic states in the ensemble leads to superradiant energy transfer to the cavity characterized by quadratic scaling with the number of molecules. Electronic decoherence associated with loss of nuclear wave packet overlap among those states destroys superradiant energy transfer, returning to a linear regime. For equal pump laser conditions, the photoexcitation probability per molecule decreases with increase of the number of molecules inside the cavity. This is caused by a loss of resonance condition of the laser with the bright electronic-photonic states of the coupled cavity-ensemble system. Increase of the laser bandwidth restores the energy transferred per molecule and the trigger probability remains independent of the number of molecules in the cavity.
Introduction
The interaction of atoms [1] [2] [3] [4] [5] and ions [6] with quantized light has long been well known and investigated in depth. In recent years, interest for the fundamental properties and technological applications of hybrid light-matter systems of molecular nature is quickly raising, which is motivated to a large extent by the high tunability and relative ease of preparation of such systems [7] [8] [9] [10] [11] [12] . From a chemical perspective, hybrid systems composed of a molecular ensemble coupled to a resonance cavity can lead to novel strategies to steer [8, 10, [12] [13] [14] [15] [16] [17] and spectroscopically probe [18] the molecular properties and response of their individual members by exploiting their collective coupling to the cavity.
Recent theoretical investigations have elucidated cavity effects on the non-adiabatic molecular dynamics of a single coupled molecule [16, 19] . The effect on bonding and electronic structure parameters of molecules in a cavity has been as well the subject of recent investigations [14, [20] [21] [22] [23] . As expected, such investigations confirm that structural properties such as bond length or orientation are, to a large extent, related to the individual coupling strength of each molecule to the cavity.
Specially interesting are theoretical proposals to exploit collective coupling effects as a way to alter the chemical evolution of the molecules in the cavity. These may involve either quenching [17] or enhancing [24] photochemical reactions in excited electronic states, in which the presence of a molecular ensemble becomes important. In Ref. [17] , for example, it was proposed that a photochemical reaction can be suppressed by the admixture of ground state character, which features a potential energy barrier, to some of the excited polaritonic (i.e. involving coupled electronic and photonic degrees of freedom) potential energy surfaces (PES), whereby an initial wavepacket was assumed to evolve on the lowest polaritonic PES after an instantaneous trigger process. In this respect, there is experimental evidence that, at least for reaction rates, the alteration of chemically relevant properties by a cavity is possible [10] .
The quick increase in dimensionality of the Hilbert space when describing molecular-cavity problems involving a molecular ensamble has lead to the application of different kinds of theory approaches. On the one hand, an adiabatic separation of nuclear and electronic and photonic degrees of freedom can be invoked, which leads to the construction of polaritonic PES. To obtain those, the polaritonic Hamiltonian parametrized by the nuclear positions is diagonalized, very often in the single molecular electronic excitation space, such that the rank of the Hamiltonian matrix grows linearly with the number of molecules N [17, 24, 25] . Therefore, such treatments have been able to account for situations with a low excitation density -i.e. a low number of cavity photons per molecule.
On the other hand, full quantum dynamics studies based on the standard method, meaning a product-grid representation of the wavefunction for all degrees of freedom, have been reported [14, 16, 19, 23] . These approaches naturally account for quantum evolution of nuclear, electronic and photonic degrees of freedom. They face, however, a dramatic exponential scaling when treating N -molecule ensembles in a cavity and therefore have been limited to the description of one [16, 19, 23] or two molecules [14] coupled to the electromagnetic modes.
The description of hybrid systems in terms of polaritonic PES has been recently extended to a surface-hopping algorithm for classical nuclear trajectories [26] to account for polaritonic transitions [25] . This opens interesting possibilities to follow the time evolution and relaxation of polaritons in a cavity for large molecular numbers, and for complex molecules. Nonetheless, theoretical descriptions based on classical mechanics for the nuclei are not able to account for the coherent quantum evolution among members of the molecular ensemble as prepared, e.g., by femtosecond pump lasers, and offer a limited description of electronic decoherence processes [27] , which may be important at short times upon photo-excitation [28, 29] .
For example, a challenging scenario is presented by the coherent excitation of all members of a molecular ensemble by a femtosecond laser pulse to produce, for each of the molecules, a superposition of two (or more) electronic states. This situation leaves the ensemble in a "cooperative" state, as termed by Dicke in his seminal work [30] , which can lead to superradiant energy transfer to electromagnetic modes. States of this kind have been experimentally achieved recently for an ensemble of as many as 10 13 spins in a resonance cavity, which were shown to couple to the cavity mode in the superradiant regime [31] . The theoretical consideration of analogous situations with molecules requires the inclusion of the nuclear degrees of freedom besides accounting for the full space of polaritonic states with 2 N molecular excitations, for N molecules and two electronic states per molecule.
In this work, full wavepacket quantum dynamics of an N -molecule ensemble coupled to a cavity and ranging from low to high excitation densities is considered and efficiently solved. Thereby, collective responses follow exclusively from the coupled dynamics of the separate constituents and no collective parameters, e.g., the Rabi splitting of the whole ensemble, enter the Hamiltonian. The theoretical description is free from the construction of polaritonic adiabatic PES (and their couplings) on which the nuclei evolve. Instead nuclear, electronic and photonic degrees of freedom are propagated quantum dynamically on the same footing for all members of the ensemble and the cavity. In this way, the models investigated explicitly consider the coupling of each molecule to the cavity and to external fields, e.g., femtosecond laser pulses pumping or driving the system. This level of description is achieved by employing the highly efficient multi-configuration time-dependent Hartree (MCTDH) method for the propagation of multidimensional wavepackets [32] [33] [34] [35] . As it will be discussed, the tensorial contraction of the wave function in the primitive grid basis representation inherent to MCTDH (and its multilayer extension) ideally suits the description of a molecular ensemble coupled to a cavity, thus accounting for quantum correlations among the ensemble members and, if needed, for large photon numbers in the cavity.
This theoretical framework will be used to shed light on fundamental aspects of the interaction of the molecular ensemble with the cavity. In Sec. 3.2 the short time dynamics of the molecular ensemble under coherent excitation by femtosecond laser pulses will be described in detail. Section 3.3 analyzes the mechanism of coherent energy transfer between the ensemble and the cavity, and the role of electronic coherence, whereas Sec. 3.4 explores situations in which the number of photons in the cavity is similar or larger than the number of molecules in the ensemble. Before this, Sec. 2 lays down the theoretical framework for the description of ensemble-cavity systems and for the application of the MCTDH method to compute their quantum dynamical evolution.
Theoretical Framework and Computational Details

Molecular ensemble-cavity Hamiltonian
Our subject of investigation is an ensemble of molecules placed inside a cavity that supports quantized electromagnetic modes. The molecular density is assumed low enough that molecule-molecule interactions can be neglected [1, 2, 30] . Hence each molecule is coupled solely to the quantized electromagnetic modes of the cavity and to external electromagnetic radiation, -e.g. a laser pulsewhich is described classically.
The basic form of the Hamiltonian for such scenario is well known and has been presented elsewhere [14, 16, 19, 23] . Here, the development of Ref. [23] is closely followed. Compared to other treatments, it keeps a quadratic dipole self-energy term [36] in the light-matter interaction (see below), which becomes only relevant in the ultra-strong coupling limit. In our case we keep this term for completeness but it has no effect on the dynamics for the range of conditions investigated.
Usually a Rabi-type term [37] describes the coupling of each molecule to the electromagnetic modes via a nuclearposition dependent dipole [14, 16, 23] . The JaynesCummings [1] (and Tavis-Cummings for an ensemble [2] ) Hamiltonian follows if one adopts the rotating wave approximation, employed e.g., in Refs. [15, 19, 25] , but not in this work.
In the following, the Hamiltonian of the ensemble-cavity system is introduced with emphasis on the aspects relevant to this work. The Hamiltonian for the hybrid system is given byĤ
where the Hamiltonian of the l-th moleculê
is written as a sum of its nuclear kinetic energyT
n and its clamped nuclei HamiltonianĤ (l) e , including the electronic kinetic energy and all intra-molecular Coulombic interactions [38] . The Hamiltonian of the quantized electromagnetic modes and their interaction with the molecules,
is given in the harmonic oscillator form, in length gauge and in dipole approximation [16, 23] . Only one mode is considered for the sake of clarity. ω c is the angular frequency of the cavity mode and λ is the dipole coupling strength λ = 1/ 0 V times the unit polarization vector in the given cavity.ˆ D is the dipole operator acting on all matter degrees of freedom and V is the volume of the quantized cavity mode. In Eq. (3) one can substitutê q = /2ω c (â † +â) andp = i ω c /2(â † −â) and expand the quadratic term to reach [36] 
whereâ † andâ are the photon creation and annihilation operators, respectively. The interaction with external fields, e.g., a femtosecond laser pulse, is treated semiclassicallyĤ
in the dipole approximation and in length gauge, where E(t) is the time dependent electric field of the laser. The total dipole is simply the sum of the individual molecular dipolesˆ
which in terms of the nuclear (uppercase) and electronic (lowercase) coordinates of each molecule read
with q e the magnitude of the electron charge. At this point, and without loss of generality, electronic adiabatic eigenstates |ψ e are introduced
In the following, their parametric dependence on the nuclear coordinates (R (l) ) is dropped for the sake of clarity.
Projection of the l-th molecular Hamiltonian (2) onto the corresponding electronic basiŝ
introduces the matrix elements of the nuclear Hamiltonian
and their non-adiababtic couplingsΛ [38] . The brackets above denote integration over the electronic coordinates only. Similarly, projection of the dipole operator onto the same electronic basis yields
sr is the position dependent dipole (or transition dipole for s = r) matrix element of the l-th molecule, obtainable, typically, from quantum chemistry calculations. No intermolecular dipole terms are considered in Eq. (11) because of the assumed zero overlap among electronic states of different molecules. (See discussion at the beginning of this section).
Throughout this work the molecules will be assumed to be aligned with the polarization axis of the cavity mode and of the external laser field, and the vector notation for the electric field and dipole operator will be dropped accordingly. The various parameters of the model that are relevant to each part of this investigation will be introduced as needed.
Quantum dynamics with MCTDH
The MCTDH method is an efficient approach to propagate the time-dependent Schrödinger equation for multidimensional systems. The method was first introduced to treat the multi-dimensional quantum dynamics of molecular systems [32, 39] . Over the years, though, applications to other types of problems, often linked to further developments of the basic theory, were successfully pushed forward, for example to describe the dynamics of electrons [40] [41] [42] and bosonic systems [43, 44] , to name just a few. An in-depth review of the basic theory can be found in Ref. [34] . The quantum dynamics calculations in this work have been performed with the Heidelberg MCTDH package version v85.5 [45] .
The basic theory is briefly described in this Section, where the usual nomenclature in the MCTDH literature is used for consistency [34] . The MCTDH ansatzt specialized to the ensemble-cavity case is discussed in Sec. 2.3. The MCTDH ansatzt for the wave function reads
where A J (t) is the time-dependent expansion coefficient of the J-th configuration labeled with multi-index J, and |Φ J (t) is the J-th time-dependent Hartree product, which is a direct product of single-particle functions (SPFs) for each degree of freedom. These are analogous to molecular orbitals in electronic structure theory [46] . After applying a time-dependent variational principle to this ansatzt the MCTDH equations of motion
are obtained.
Here a vector notation ϕ
T is used,
is the projector on the space spanned by the SPFs for the κth degree of freedom, and H (κ) and ρ (κ) are mean-fields and the density matrix [34] .
The SPFs are expanded in turn in a time-independent basis for each degree of freedom
where, for convenience, very often the states of the primitive representation |χ
are taken from a discrete variable representation [34] .
The efficiency gain in MCTDH compared to propagating directly in the primitive basis (the standard method) arises from the usually big difference between the size of the primitive space f κ=1 N κ , and the size of the configuration space f κ=1 n κ needed to achieve convergence in the correlated dynamics. Mode combination [35] (used here) and especially multilayer MCTDH [47] [48] [49] [50] , which is implemented in the Heidelberg MCTDH package [49] , can boost even further the efficiency of the method allowing, in favorable cases, the description of hundreds to thousands of degrees of freedom [49, 51, 52 ].
MCTDH for the ensemble-cavity problem
Upon projection of the molecular Hamiltonians onto an electronic basis for each molecular system in (9), the total MCTDH wave function for the ensemble-cavity system molecules takes the form
Here the n l and n p are the number of SPF basis for each molecule and for the cavity mode, respectively, where nuclear and electronic degrees of freedom are combined to Figure 1 : Tree representation of the MCTDH wave functions used to represent the cavity mode and the molecular ensemble. The red box marks the photonic mode and the blue box marks the molecular degrees of freedom. N R and Ns refer to the number of primitive basis functions (grid points in this particular case) and number of electronic states in each molecule, respectively. The number of single particle functions for the molecules and for the cavity mode are nm and np, respectively. P , R l and S l denote the cavity, nuclear and electronic degrees of freedom, respectively.
one logical mode (cf. Fig. 1 ). As before, N s is the number of relevant electronic states per molecule and N p is the maximum number of photons allowed in the cavity. The φ
(t) functions are the nuclear wave packets for molecule l in electronic state s l , whereby index j l refers to the configuration space as specified by A j1,...,j N ,jp in Eq. (16) . B P,jc (t) are the expansion coefficients of the primitive photonic space for P cavity photons with configuration space index j p . In absence of coupling between the molecules and the cavity, and of direct couplings between the molecules, one single Hartree product suffices in Eq. (16) and all {n l , n p } become equal to one. Figure 1 presents a tree representation of the MCTDH wave function. Such representations become particularly useful to describe multilayer wave functions, but are also very illustrative in the normal (two layer) MCTDH case. The top node represents the A j1,...,j N ,jp (t) tensor, with one line per index. The nodes at the bottom layer represent the expansion coefficients of the molecular functions φ (l) s l ,j l (t) and the B P,jp (t) coefficients of the cavity mode. The leftmost box in Fig. 1 encloses the photonic degree of freedom. Since the quantized mode of the cavity is represented in its harmonic oscillator form, naturally a DVR constructed from harmonic oscillator eigenfunctions [34] is used to represent the photonic states. The size of the primitive basis N p determines the maximum number of photons in the cavity mode and has been set to values between 10 and 60, depending on the details of the corresponding calculation. A substantially larger number of cavity photons or further cavity modes could be accommodated with ease if required.
The right-most box in Fig. 1 encloses the molecular degrees of freedom. In this application we focus on diatomic molecules with two electronic states each. The interatomic distance R l is discretized using a Fourier basis, and the electronic degree of freedom S l is truly discrete with pos-sible values, in this particular example (see below), 0 and 1. As already mentioned, the two degrees of freedom are here combined into one logical mode per molecule. The R grids have 4096 points each, which are necessary to describe the dissociative dynamics of the NaI system (introduced below) and to represent the momentum achieved by the relatively heavy atoms. Therefore each molecule's primitive representation consists of 8192 grid points. The number of SPFs per mode required for converged results varies, but n κ about 5 provides converged results in most of the wave packet propagations presented below. Finally, in MCTDH jargon, each molecule is described in a singleset formulation [35] , which is the only practical alternative when each molecule carries its own electronic state index.
In terms of computational effort and scalability of the approach, technical details of the largest calculations in this study are reported in Table 1 and correspond to either 5 or 8 molecular systems and one cavity mode, referred for brevity as calculations C 5 and C 8 , respectively. C 5 is dominated by the number of SPF coefficients, where most of the propagation time is spent, whereas the array of A J coefficients is still short relative to typical MCTDH applications. This is due to the large size of the primitive grid needed to describe the photodissociation of NaI. C 8 is a more balanced case, with an A J array of order 10 5 entries and almost equal propagation time spent in the coefficients and the SPFs. In usual applications, order 10 6 A J coefficients are manageable, whereas order 10 7 becomes hard to propagate. This means, for this particular investigation, that 9 to 10 molecules can be tretaed at a good level of accuracy. Clearly, standard method calculations on the corresponding primitive grids are impossible in the foreseeable future.
As already mentioned, the calculations reported here are based on the normal (2-layer) MCTDH approach. Going beyond this system size, both in terms of molecular complexity and molecular number, requires using the multilayer MCTDH algorithm [47] [48] [49] [50] . The Heidelberg implementation of multilayer MCTDH [45] has been recently applied to describe the photophysics of naphtalene (48 D) and anthracene (66 D) molecules in full dimensionality [53] , as well as models of light-harvesting-complexes with hundreds of modes [54] . This indicates that the extension to even larger ensembles of high-dimensional molecular systems than will be discussed here should be within reach and will be the subject of future work.
Molecular model
Following recent theoretical investigations involving one molecule in a cavity [16] , we will consider here an ensemble of NaI molecules. This system is well known in the femtochemistry literature and features a relatively simple and well understood dynamics upon photo-excitation to its first singlet excited electronic state. The potential energy surfaces and transition dipole matrix elements are shown in Fig. 2 and were calculated with the GAMESS-US [56] package at the complete active self-consistent field Table 1 : Wave function size and computational effort for two representative calculations Cn, where n indicates the number of molecules in the cavity. N Ψ correspond to the total number of complex coefficients representing the wave functions, N A is the size of the A-vector in Eq. 12 and N prim is the size of the primitive direct product basis, i.e. the size of the corresponding standard wave function in a hypothetical numerically exact propagation on the full grid. The wall-clock time per propagated fs t CPU /N fs has been scaled to one single processor (Intel Xeon E5-2680 v4 @ 2.4 GHz). Actual calculations were performed using shared-memory parallelization with up to 28 processors [55] . (CASSCF) level of theory CAS (8, 8) , involving 8 valence orbitals (4 occupied, 4 virtual in the reference configuration) and 8 electrons. The inner valence and core electrons were treated with the SBKJC effective core potential [57] . It is not the goal of this investigation to obtain highly accurate potentials for NaI, and the level of electronic theory just described is sufficient for the purpose of this work. For example, the PES used in Ref. [16] feature a smaller gap between the two curves at the avoided crossing. While this gap affects non-adiabatic transitions within each member of the ensemble, these transitions are switched off in the present model with the purpose of highlighting the dynamical effects induced by the coupling to the cavity.
Results and Discussion
General considerations on the cavity-ensemble model
Throughout this work the effective cavity-matter coupling is taken as g/ω c =0.01, where g = λ ω c /2 is the rms vacuum electric field amplitude of the cavity mode [3] and λ was introduced around Eqs. (3)-(4) . The use of g as the coupling strength parameter is in line with previous investigations [14, 16, 17] and facilitates direct comparisons. This coupling strength is small compared to the single-molecule ultra-strong coupling regime, characterized by a Rabi splitting of the polaritonic energy levels (at zero detuning) ω R = 2gµ 01 comparable to the transition energy. For the NaI molecule at the equilibrium geometry, the transition dipole µ 01 (cf . Fig 2b) is about 1.7 au, which results in ω R ≈ 0.13 eV. For more than one molecule, the collective Rabi splitting becomes Ω R = 2gµ 01 √ N [58] . Hence for N = 5 (calculations with up to N = 8 were performed) the collective Rabi splitting at the Franck-Condon (FC) equilibrium geometry R eq is of the order Ω R ≈ 0.3 eV, in line with earlier investigations [14, 16, 17] .
In this work the cavity coupling g/ω c is kept constant for different numbers of molecules N (or molecular density N/V ) in the cavity. This is in contrast to other works where the collective Rabi splitting is kept constant by scaling the cavity coupling by 1/ √ N [17, 24] . In the present context, Hamiltonian (1)- (7) describes the coupling of each individual member of the molecular ensemble to a specific cavity characterized by the quantization volume V , which is also the actual volume of the cavity. On the other hand, the Rabi splitting is a macroscopic quantity that emerges from the microscopic interactions. Under this consideration there is no a priori reason to fix Ω R for different number of molecules N . Therefore, our focus here will be on collective effects that emerge when varying N inside a given cavity, always in the limit of negligible direct interaction among ensemble members.
Concluding, we note that the coupling term between laser light and the hybrid system in Eq. 5 describes the interaction of the laser pulse with the molecules only. This is justifiable as long as the laser is non-resonant with the cavity frequencies. In situations, as discussed below, in which both the laser and the cavity are resonant with the Franck-Condon transition of the molecules, extra care with this assumption is required. It can, e.g., be conceived for the configuration in which the wave vectors k i of the electromagnetic modes of the laser lie parallel to the plane of the cavity mirrors (in a Fabry-Pérot configuration), such that the external laser field and the cavity modes share a common polarization axis [18] . On the other hand, direct coupling between the laser field and the cavity modes, for example in open plasmonic structures, may turn out to be the dominant coupling mechanism. From a computational perspective, the model discussed above may then be easily extended to include the corresponding laser-cavity coupling terms obtained either from phenomenological or first-principles considerations [59] .
3.2. Femtosecond laser pump of a hybrid ensemble-cavity system The excitation of a molecular ensemble with a short femtosecond laser pulse is considered first. The laser resonantly couples the ground and first excited electronic states of each molecule, and the cavity is resonant as well with this electronic transition at the Franck-Condon geometry. The cavity and laser photon energy are both ω c = ω L = 3.8 eV and the laser pulse is modelled as
where T L is the total pulse duration and the full width at half maximum (FWHM) of the amplitude is τ L = T L /2.
Only the first period of the envelope function is considered and the pulse has zero amplitude at earlier and later times. The excitation by the short femtosecond pulse takes place in the impulsive regime: the relatively heavy nuclei of NaI practically do not move during the pulse duration. The most intense pulse considered corresponds to 0.003 au of peak field amplitude (3.16 × 10 11 W/cm 2 ). This results in nearly a 50-50 superposition of the |ψ 0 and |ψ 1 electronic states for isolated molecules without a cavity, as illustrated in Fig. 3a . This pulse intensity is far from field-ionizing conditions at the optical frequencies considered here. (17)). The peak laser amplitude is 0.003 au (corresponding to 3.16 × 10 11 W/cm 2 ) and the photon energy ω L = 3.8 eV.
The quantities of interest are the single molecule excited state population
and the expectation value of the cavity photon number
For more than one molecule in the cavity the molecular index l in Eq. (18) can take any value as all molecules are identical. For all molecule number cases considered, Fig. 3a shows a fast increase of the molecular excitation P (l) 1 (t) while the pulse intensity is still rising, but the presence of the cavity has a dramatic effect on how the pulse energy is redistributed in the system. Shortly after the molecular excitation probability peaks, the cavity mean photon number N ph starts increasing as the molecules transfer energy to the cavity in the onset of the first Rabi cycle. The number of molecules modulates the amplitude of the oscillations, as well as their period, as seen in Fig. 3b . This ongoing Rabi dynamics is of course a consequence of the coherent wave packet prepared by the laser pulse.
For the case of N = 5, characterized by the largest collective coupling of the ensemble and the cavity, an almost direct energy transfer from the laser pulse to the cavity mode takes place. The population of molecular excitations, which mediate the energy transfer to the cavity, remain very low during the duration of the laser pulse, which is reminiscent of a Stimulated Raman Adiabatic Passage (STIRAP)-type mechanism [60] . These dynamics correspond to a regime dominated by coherent time evolution among the polaritonic states impulsively populated by the short laser pulse. The time evolution of these oscillations roughly corresponds to cos(Ω Rabi t), which would be exactly the case in the simpler scenario of two-level atoms coupled to the same cavity and external field.
Nuclear motion, however, quickly quenches these dynamics by destroying the necessary electronic-photonic coherence. To see this, one can argue qualitatively for a moment in terms of a simple system with electronic s = {0, 1} and cavity photon P = {0, 1} degrees of freedom and an additional nuclear coordinate R. Before the onset of nuclear displacements the state of the system prepared by the laser can be written as
where the off-diagonal coupling between both states is gµ 01 (R) (cf. also Eq. (A.1)) and the evolution of the photon number in the cavity given by
After the nuclear wave packet in the excited electronic state leaves the FC region the state of the system can qualitatively be written as
where the nuclear wave packet evolves differently in the two molecular electronic states and where both φ s (R, t) are normalized. Now, as the nuclear wave packet φ 1 (R, t) in the excited electronic state becomes non-resonant with the cavity mode, the coupling to the cavity vanishes and |c 01 (t)| becomes almost constant. The large oscillations in photon number stop. However, the φ 0 (R, t)|ψ 0 |1 component corresponds to the nuclei still at the FC region (R ≈ R eq ) with one cavity photon. Therefore, the cavity keeps promoting the molecular system from its ground to its excited electronic state, where it dissociates and cannot emit a photon back to the cavity. These dynamics continue until the cavity is completely relaxed. The onset of this dynamical regime is indeed seen in the MCTDH numerical results in Fig. 3b for all molecular numbers as a continuous decrease in photon number that starts at 40 to 50 fs and has its counterpart in an increase of the excitation probability per molecule in Fig. 3a . : Energy transfer to the hybrid ensemble-cavity system relative to the energy transfer to a single isolated molecule for different molecule numbers and laser peak intensities after the laser pulse is over. The laser pulse has the intensity profile shown in Fig. 3 except for the simulation with 5 molecules and marked with a read star, in which the pulse energy is preserved but the FWHM of the intensity profile is shortened by a factor of 3 to increase the laser bandwidth.
We just discussed how the onset of nuclear motion strongly modifies and quenches the coherent polaritonic dynamics that a femtosecond laser imprints onto the hybrid system. We see as well that P (l) 1 (t) in Fig. 3a reaches a smaller value after the pulse for N = 5 as compared to N = 1. Although N ph in Fig. 3b grows faster and reaches a larger value after the pulse for N = 5 molecules, this does not compensate for the much lower molecular excitation. Indeed, the total amount of energy per molecule transferred by the external laser to the system is decreasing with the number of molecules, as illustrated in Fig. 4 for different laser intensities. This figure presents the ratio between the total energy transferred to the hybrid system by the laser pulse and the total energy transferred to a single molecule with no cavity, also after the pulse. The results in Fig. 4 illustrate how, for increasing number of molecules and equal laser conditions, the relative likelihood that one of the molecules is photoexcited and is able to start a photochemical process decreases, which is reminiscent of the findings in Ref. [17] .
To understand the origin of this trend we note that the collective Rabi splitting at the FC point reaches a value Ω R ≈ 0.3 eV for N = 5, whereas a pulse duration 15 fs FWHM corresponds to a bandwidth of about 0.27 eV. Therefore, as the number of molecules increases, the upper and lower polaritonic states of the hybrid system drift out of resonance with the laser pulse. To demonstrate that energy transfer to the coupled ensemble is determined by the bandwidth of the femtosecond pulse, a simulation with a shorter pulse of duration τ S = τ L /3 and N = 5 is made. The maximum field amplitude is scaled by a factor √ 3 to maintain the area under the intensity envelope of the two pulses exactly constant, therefore achieving the same pulse energy. The pulse bandwidth increases now to about 0.8 eV. The final energy ratio for this simulation is shown with a star in Fig. 4 and falls almost exactly on the linear trend as a function of the number of molecules. It is emphasized that the denominator E 0 is the same for the long and short pulse simulations, namely the energy transferred by the longer pulse to a single isolated molecule.
Therefore, if the pump laser pulse is sufficiently short to cover with its bandwith the splitted polaritonic states in the cavity, the energy transferred per molecule becomes the same as for a single isolated molecule with that same laser. From a purely time-dependent perspective, once the pump laser is significantly shorter than the Rabi period, the molecules in the cavity become excited by the laser before being able to interact with the cavity and during these initial moments it is as if the cavity would not be present.
A consequence of this is that the probability for the photochemical process in the excited electronic state to take place becomes independent of the number of molecules in the cavity. This last point is further illustrated in Fig. 5 , where the probability density ρ(R l ) for the nuclear degrees of freedom is shown at t = 100 fs. For one single molecule in the cavity, the area under the curve at the right side of the coordinate for the dissociating systems is essentially the same as for one molecule without a cavity, whereas it is strongly suppressed for 5 molecules, as seen in Fig. 5b, due to the lower level of excitation per molecule. Figure 5b also illustrates, however, how the propagation initiated with a larger laser bandwidth restores the dissociation probability.
This last point contrasts with Ref. [17] , where the photochemical reaction likelihood was found to decrease with increased number of molecules in a cavity. There, the trigger process was not considered and the molecules were directly promoted to the lower adiabatic polaritonic PES. To shed light on those aspects, two further calculations using the longer laser pulse with photon energy shifted by ±0.2 eV are considered. These target, respectively, the lower and upper polariton branches. As the laser is tuned to the lower branch, indicated as (P −) in Fig. 5c , the reaction is almost completely suppressed. However, the energy transfer to the hybrid system relative to a single molecule is now E / E 0 = 7.28 (cf. Fig. 4 ), even larger than the value of ≈ 5 corresponding to a broadband, shorter excitation and signaled with a red star in Fig. 4 . So, even if a higher excitation density is achieved by tuning to the lower polariton, presumably the large admixture of ground electronic state character in the lower branch-states suppresses the start of the photochemical process, in line with the findings in Ref. [17] .
On the other hand, as seen in Fig. 5c , when the laser is tuned to the upper polariton branch, the opposite effect is achieved and the photodissociation of each ensemble member is enhanced to the level of the isolated molecule case, which is explained by the enhanced excited electronic state character of the upper polaritonic branch. Therefore, a description of the pump process and of the initially prepared state are in general crucial elements to predict the reaction mechanisms in the coupled ensemble-cavity system. 
Analytical Figure 6 : Relative energy transfer rate to the cavity mode relative to the single molecule case. All molecules excited with probibility one (blue circles) and all molecules excited with probability 1/2 to the excited state (red triangles), immediately after excitation and for a cavity resonant with the FC transition energy. Relative rate of energy transfer for excited molecules in the V 1 PES at t = 110 fs, as they become resonant with a cavity ωc = 1 eV (green squares). The analytical curve corresponds to the term in parenthesis in Eq. (24) for p 0 = p 1 = 1/2 and S 01 = 1.
Superradiant energy transfer to the cavity
As discussed before, a short femtosecond pulse imprints a coherent excitation on the coupled ensemble-cavity system. We now focus on the coherent dynamical evolution of the coupled system and the participation of the cavity mode in the dynamics of the individual molecules. The cavity is still tuned to be resonant at the FC geometry, and it is assumed that the molecules have been coherently excited by a laser pulse substantially shorter than their collective Rabi period in the cavity. The initial state at t = 0 thus reads
where the same definitions as in Eq. (16) are used. φ
s (R l ) is the nuclear wavepacket evolving on the PES of electronic state |ψ (l) s , and p s is the initial electronic population of this state. In contrast to Eq. (16), the norm of the nuclear wave packets, which is the population of the corresponding electronic state, has been singled out for the sake of clarity, and hence the φ (l) s (R l ) are assumed normalized. Equation (23) is a single Hartree product of the form of Eq. (16) and corresponds to the ground state of the complete system for p 1 = 0.
The total energy transferred from the molecules to the cavity at time t is proportional to the number of cavity photons N ph (t). In second order in time the number of cavity photons is given by
where the nuclear overlap S 01 = φ
is 1 at short times for a FC transition. The molecular index drops from S 01 because all molecules are assumed to be identical. The justification of Eq. (24) is given in the Appendix. It is interesting to note that, if the nuclear overlap is set to one as for atomic radiators, the term in parenthesis in Eq. (24) is the same as the linear (in time) radiation rate for an ensemble of coherently excited radiators coupled to an electromagnetic mode, which was first described by Dicke and termed superradiance [30] . The quadratic scaling with time in Eq. (24) is a natural consequence of Schrödinger's equation at short times and is of no particular interest. We are interested, instead, in the scaling with the molecular number N , which varies from linear to quadratic and which, as mentioned, is found in identical form in Dicke's radiation rate derived using Fermi's golden rule.
When all molecules are promoted to their corresponding state |ψ 1 with probability p 1 = 1 the energy transfer to the cavity grows linearly with the number of molecules, as predicted by Eq. (24) and numerically shown in Fig. 6 . In contrast, when molecules are promoted to a coherent superposition of the ground and excited electronic states with p 0 = p 1 = 1/2 the energy transfer to the cavity scales quadratically with N . However, as the nuclear overlap drops to zero, the coherent quadratic contribution disappears and the scaling becomes linear in N again. The latter regime is illustrated in Fig. 7 for the case in which the cavity is resonant with the molecules outside the vicinity of the FC point. In this set of calculations the cavity is resonant with a potential energy gap of 1 eV, which is reached by the molecules roughly 110 fs after photoexcitation. The population transfer per molecule back to the ground electronic state at t ≈ 110 fs is practically independent of N , and the number of cavity photons N ph (not shown) after the molecules have passed by the interaction region is just proportional to N . This is illustrated with the square marks in Fig. 6 . The return to a linear scaling for the energy transfer to the cavity with N outside the FC region is hence the consequence of the loss of wave packet overlap between wave packets evolving on different PES of the same molecule, which effectively results in electronic decoherence.
Indeed, a simplified expression for the off diagonal element of the reduced electronic density matrix of the l-th molecule can be derived from Eq. (23) assuming that the time-evolved wave packet retains a product structure
= φ
This experession is is valid at short times and the molecular index has again disappeared in the last line because all molecules are considered identical. Comparison of Eqs. (24) and (25) shows that the loss of electronic quantum coherence at the single molecule level destroys super- 
no cav 1 mol 2 mol 3 mol 5 mol Figure 7 : Single molecule excited state population P 1 (t) for one isolated molecule and up to 5 molecules in the cavity. The pump laser intensity profile is shown in grey. The photon energy of the cavity mode is ωc = 1 eV and is resonant with the molecules at an internuclear distance R ≈ 10 au.
radiant energy transfer to the cavity. In the case of NaI, with a dissociative excited PES, ρ 
Stimulated emission by the cavity
The scenario in which the cavity becomes resonant with the molecular system along a reaction coordinate may be used to steer or probe photochemical reactions in ways analogous to the action of a laser pulse delayed with respect to the reaction trigger. When a photoexcited molecule reaches resonant configurations with the cavity, the cavity can stimulate the emission of one photon and dump the molecular system to the ground electronic state, as shown in Fig. 7 , and which is part of the molecular relaxation mechanism discussed in [24] . An obvious control knob in a cavity is presented by its excitation level, the number of photons in the cavity, since the coupling term proportional to (â † +â) in Eq. (4) effectively scales with N ph when applied to cavity state |N ph . The excited electronic state population for one and five molecules interacting with a cavity is shown in Fig. 8 for different numbers of photons ranging from 0 to 30. The molecules are initially prepared in their excited electronic state with unit probability and the cavity's photon energy is ω c = 1 eV.
The stimulated emission down to the ground electronic state strongly depends on the initial photon number of the cavity. After going through a maximum population dump for 5 to 10 photons, stimulated emission becomes indeed less efficient for 30 photons. The time evolution becomes non-trivial with a first plateau and a final complete dump, which is indicative of dynamics that proceed on effective potential surfaces strongly modified by the cavity coupling.
We compare now the cases with one and five molecules evolving in the cavity pre-loaded with 30 photons. It is found that the electronic population dynamics of each single molecule in the 5-molecule ensemble is essentially the same as the population dynamics of the single molecule case, as seen by comparing the two red curves in Fig. 8 . An important difference is that the final state of the cavity (not shown) in the latter case corresponds to N ph = 35 and in the former case to N ph = 31.
Comparing the probability density ρ(R, t) in Fig. 9 for either one or five molecules in the cavity, and after the passage through the resonant region at t = 200 fs, two different regimes are seen: first, the wave packet splits between excited and ground state components for 0 and 1 photons in the cavity. Second, the wave packet is almost completely dumped to the ground state and remains uni-modal for 5 photons and beyond. Also for the nuclear evolution, the difference between one and five molecules in the cavity becomes insignificant (cf. Fig. 9f ). For a high number of photons, which increases the effective molecule-cavity coupling, the nuclear wave packet becomes slowed down and partially trapped in the region in which the molecular electronic energy gap becomes resonant with the cavity. This effect has been seen in simulations with one photon but higher coupling strengths [14, 16] .
The comparison between one and five molecules with 30 cavity photons is in line with the discussion in Sec. 3.3. As the excited molecules reach the interaction region there is no nuclear overlap and hence, as indicated in Eq. (24), the energy transfer to the cavity occurs linearly with the number of molecules, i.e. each molecule behaves as if it were alone in the cavity. Hence, the extent and rate of stimulated emission induced by a cavity resonant with the molecules along some photochemical reaction pathway is much more dependent on N ph , which determines the individual coupling of each molecule to the cavity, than the molecular number (or density), which determines the total Rabi splitting but has a much smaller effect on the individual dynamics of the ensemble members. Moreover, even if a coherent superposition of molecular electronic states would be present, the number of photons in the cavity cannot be used to alter coherent effects that scale with N 2 , as discussed in the Appendix around Eq. A.6.
Summary and Conclusions
The real-time dynamics of an ensemble of molecules coupled to an electromagnetic cavity mode and pumped by a short femtosecond laser pulse was described by quantum wave packet simulations. In doing so, all coordinates of the microscopic Hamiltonian of the hybrid system were dynamically considered without resorting to an adiabatic separation in terms of polaritonic potentials and their couplings.
For a laser pulse with a duration FWHM of 15 fs, of order of the collective Rabi period of the hybrid system, the short time impulsive dynamics is triggered by the laser. These dynamics consist of Rabi oscillations in which the overall excitation oscillates between the molecules and the cavity. Nuclear motion of the excited molecules leads to electronic-photonic decoherence among polaritonic states due to loss of nuclear wave packet overlap and quickly quenches these dynamics.
For the same laser conditions, the increase in the number of molecules (or the molecular density) leads to a decrease of the energy per molecule pumped to the cavity by the laser pulse, with the corresponding reduction of the probability per molecule that the photochemical reaction is started. It is found that this effect is caused by the laser drifting out of resonance with the bright polaritonic states as the collective Rabi splitting increases with the number of molecules. Increase of the laser bandwith above the Rabi splitting for the same pulse energy restores the total energy transferred to linear scaling with the number of molecules, and restores the probability that the photochemical reaction is triggered by the femtosecond laser pulse. Alternatively, tuning the laser to the lower polariton branch leads to a suppression of the photochemical process due to the admixture of ground state character of such states, in line with Ref. [17] .
When all molecules are coherently excited to a superposition of their ground and excited states, the energy transfer to the cavity occurs in a superradiant regime with quadratic scaling with the number of molecules. Again, this regime is destroyed by the loss of nuclear wave packet overlap within each individual molecule for the involved electronic states. This also means that the probability of photon emission to the cavity mode scales linearly with the number of molecules when the photoexcited molecules arrive at geometries resonant with the cavity along some reaction coordinate. The number of photons in the cavity has a very noticeable effect in stimulating emission to the cavity, but cannot be used to alter the dynamics related to coherent superposition of molecular electronic states.
In this application we chose NaI as a well known molecular system that has been the subject of numerous investigations, both experimental and theoretical, in the field of femtochemistry, and which undergoes a simple photodissociation process upon light absorption. This allowed us to concentrate on aspects of the excitation process and energy transfer dynamics in the cavity. By combining the same basic principles of this work with the multilayer MCTDH method, the study of a larger number of (multidimensional) molecules in a cavity, including possibly local dissipative baths and, if required, a larger number of cavity modes, is well within reach and opens new avenues for the rigorous investigation of cavity femtochemistry problems.
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Appendix A. Coherent energy transfer to the cavity
We consider an ensemble of two-electronic-state molecular radiators in a coherent superposition of their ground and excited state at t 0 = 0, which is given by Eq. (23) . Such collective excitation can be achieved by a resonant laser pulser significantly shorter than the collective Rabi cycling period of the ensemble.
The system's Hamiltonian has the general form of Eqs. (1-11) , where an electronic basis has been introduced, the second order light-matter coupling is left out, and the rotating wave approximation is used for the light-matter interaction As discussed in the main text, µ 01 is the transition dipole matrix element in the electronic basis and g corresponds to the light-matter coupling constant in the given cavity. where the last line could be rewritten in terms of the offdiagonal entry of the molecular electronic reduced density matrix, using p 0 p 1 |S 01 | 2 ≡ |ρ 01 | 2 from Eq. (25) . In the last line, it is considered that all molecular systems are identical and therefore the nuclear wavepacket overlaps S 01 = φ An important consequence of this result is that coherent dynamical evolution of the molecular ensemble and the cavity mode, which depends on a coherent superposition of the molecular electronic states, is completely insensitive to the number of photons in the cavity mode. Superradiance is as such a spontaneous emission process. On the other hand, as expected, the number of cavity photons enhances absorption and stimulated emission processes.
